Abstract-This paper deals with the stability analysis and theHopf bifurcation at the equilibrium points of a logistic delay differential equation.By applying the Halanay inequality, the local stability of the logistic differential equation is discussed. The stability of bifurcation periodic solutions and the direction of Hopf bifurcation are determined by applying the normal form theory and the center manifold theorem. Numerical examples show interesting nonlinear behavior of the logistic differential equation at the end of the paper.
I. INTRODUCTION
Researches about the delayed logistic equations have received significant attention in the recent years [1] - [6] , especially from biologists and mathematicians. Hutchinson [1] assumed egg formation to occur  units of time before hatching and proposed the following delayed logistic equation:
wherer>0 is intrinsic growth rate, K>0 is the carrying capacity of population and 0   is time delay.Properties of Eq. (1.1) were studied by various authors [7] - [9] . It was shown in [4] that for parameters r and  the equilibrium point x=K is locally asymptotically stable. K. Gopalsamy [2] considered a realistic and general case of Hutchinson C. Sun et al. [5] reconsidered Eq. (1.2) and showed that the positive equilibrium point is globally asymptotically stable and devote their attention to the global existence of periodic F. Bozkurt is with the Department of Mathematics, ErciyesUniversity, Turkey (e-mail: fbozkurt@erciyes.edu.tr).
solutions to Eq. (1.2). M. Jiang et al. [6] concerned their attention to the logistic differential equation
where  is a known positive parameter, r is an unknown .3) to applied the Halanay inequality and discussed the local stability of (1.3). By constructing numerical examples they also detect nonlinear behaviors with a single parameter delay.
In this paper, we extend the delayed logistic differential equation of (1.2) by adding an extra delayed term as follows
where the parameters  , are known positive real numbers,
and 0   is time delay. We emphasize here the two unknown parametersr and  , which are important to determine the locally asymptotically stability of the equilibrium points of Eq. (1.4), the existence of Hopf bifurcation and the direction of the bifurcating periodic solutions. This paper is organized as follows: In Section II, using the lemma in [10] we show that the equilibrium points of Eq. (1.4) are locally asymptotically stable. Further, by constructing a suitable Liapunov function, we get that the solutions of Eq. (1.4) converge to the equilibrium points under specific conditions. In Section III, the formula are presented for determining bifurcation direction and stability of the bifurcating periodic solutions of Eq. (1.4).
II. LOCAL STABILITY AND EXISTENCE
With the transformation    
, we can rewrite Eq. (1.4) as the delay differential equation 
Clearly, the stability of the equilibriums The following theorems are obtained by using the references [10] and [11] . Therefore, it will be omitted to the readers. 
1) Let
,where 
. Then the equilibrium point to a periodic orbit. It can be similarly proven that when r passes the critical point
where
there is a Hopf bifurcation from the equilibrium 
1). For
By the Riesz representation theorem, there exists a
In fact, we can choose
and  is the Dirac delta function.
Hence, (2.1) can be rewritten as
where Comparing these coefficients with those of (3.14), we get Fig. 1 (a) and Fig. 1 (b) . These figures show us that there is a Hopf bifurcation from the equilibrium point 0 1  u of Eq. (2.1) to a periodic orbit. Fig.  2 (a) and Fig. 2 (b) . We obtain that there is a Hopf bifurcation from the equilibrium point 2 u of Eq. (2.1) to a periodic orbit. Fig. 1 (a) and Fig. 1 (b) , which show that in Fig. 2(a) and Fig. 2 (b) , we have a supercritical Hopf bifurcation. Therefore,these bifurcating periodic solutions are orbitally unstable. 
